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Abstract

This paper extends the previous literature on optimal redistributive taxation in the
presence of externalities to a multi-externality setting. While taxes on income and on
‘clean’ commodities are still unaffected by the externalities, which confirms previous
results, I find that the existence of more than one externality-generating commodity has
important implications for the optimal Pigouvian tax rates. In general the Pigouvian
parts of taxation depend also on the externalities induced by the consumption of the
other commodities, implying that the interdependence of the externality-generating

commodities is relevant for tax policy.
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1 Introduction

The main contribution of this note is to extend the literature on optimal redistributive taxation in
the presence of externalities (e.g. Pirttila and Tuomala 1997, Cremer et al. 1998, Kopczuk 2003,
Micheletto 2008) to a multi-externality setting. One important result from this literature is that
the ’additivity property’, first discovered by Sandmo (1975), also holds in a more general model of
the Mirleesian type.! The additivity property consists of two components. First, the presence of
an externality only affects the tax rate on that particular good (which generates the externality).
Second, the internalizing part of taxation enters the tax formula additively. This result is quite
remarkable and has important policy implications as it states that an externality is best addressed
by taxing directly that particular good, while the rest of the tax system should remain unaffected
by the externality.

However, one important shortcoming of the previous literature is the assumption that there is
only one externality-generating commodity. But in reality the consumption of many commodities
causes externalities. Thus, the aim of this note is to generalize the optimal tax problem (income
and commodity taxes) to a multi-externality framework and to clarify the optimal tax structure
in such a context. I show that the ’additivity property’ remains valid with respect to the income
tax and also with respect to the taxes on the non-externality generating goods, as they still remain
unaffected by the externalities. However, I find that in general a tax on an externality-generating
commodity also depends on the externalities induced by the consumption of the other commodities,
which violates the ’additivity property’. If the level of an externality increases (decreases) the
demand for another externality-generating commodity this is an additional argument to increase
(decrease) the tax rate on that commodity. Thus, such interdependences between the externality-
generating commodities should be taken into account when designing optimal Pigouvian tax rates.
Applications where this interdependence of the externalities might be of particular relevance include
alcohol and cigarette consumption or car and gasoline consumption.

The paper is organized as follows. Section 2 introduces the model and section 3 presents the
main results on the optimal tax structure. Finally, section 4 concludes. The derivations of the

main results are provided in the Appendix.

However, Micheletto (2008) has shown that for this result to be valid it is essential that different types are equally
effective as externality generating units, which is the case if the externality is of the ’atmospheric’ type, meaning
that the externality is created by the total consumption of a good.



2 The model

Consider an economy consisting of two types of individuals ¢ = L, H, who differ in earning ability
wr, < wg. The size of the population is normalized to one and =; represents the fraction of
individuals of type i. Individuals provide labor supply /; and earn gross income z; = w;l;. As is
common in the optimal taxation literature (e.g. Mirrlees, 1971) the tax administration can only
observe gross income z;, while earning abilities and working time of an individual ¢ are assumed
to be private information. Gross income is subject to a nonlinear income tax, and consumers
allocate their net income x; over n+m consumption goods. Commodities are produced by a linear
technology with labor as the only input to production. Quantities are chosen such that all producer
prices are equal to one.

Let the vector of the first n commodities consumed by an individual ¢ be denoted by ¢; =
(c14y C2iy ..., Cni) and the vector of the other m commodities by d; = (di4,dai, ..., dm:). The con-
sumption of each of the m commodities creates a negative externality, whereas the consumption of
the first n commodities does not. More precisely an externality is created by the total consumption
of a commodity m, i.e. the level of an externality is given by Ey = >, midpi, k= 1,..., m.2 That is,
there are m different externalities in the model represented by the vector E = (Ey, Es, ..., E;). In-
dividuals have identical preferences described by the strictly concave utility function w(c;, d;, l;, E)
with first partial derivative being positive with respect to c;; and di; and negative with respect
to I; and Fj. I restrict the analysis to cases where du/JFE); < 0 only for expositional reasons
but allowing for positive externalities would not cause any complication. In addition, following
previous work (e.g. Sandmo, 1975), I assume that individuals behave atomistically, i.e. they do
not take into consideration the influence of their own consumption on the level of the externalities.

The individuals’ maximization problem is analyzed in two steps. In a first step, individuals
allocate a fixed amount of net income x; over the consumption goods. Let consumer prices be
denoted by p; = 1 + 7; for the first n commodities j = 1,...,n and by g, = 1 + t; for the other
m commodities £ = 1,...,m. Hence, the government can impose proportional commodity taxes 7;
and ty, respectively, on each of the n +m commodities. It is well-known that in such a tax system
one tax is redundant, thus without loss of generality 7 is set equal to zero, i.e. p; = 1. The first

stage of the maximization problem gives conditional indirect utility

Ui(xi7zi7p7q7E) = max u(c’i7di7zi/wi7E) ijcjl+zqkdkz sz ) (1)
j=1 k=1

Cliye+sCnisdiiye-sdmi

2Meade (1952) has termed this type ’atmospheric’ externalities.



and conditional demand functions
Cji:Cji(xiazhpvq’E)a j:]-v"'ana (2)

dki = dki(xiazi3p7Q7E)a k= ]-a ceey T (3)

Observe that in general the demand for all commodities depends on the level of the externalities
Ep, k=1,...,m.

In a second step individuals choose their optimal labor supply by maximizing conditional indirect
utility subject to the budget equation x; = z; —T'(2;), where T'(z;) denotes the nonlinear income tax
function. This yields the well-known expression for the implicit marginal income tax rate 7'(z2;),

which is given by

The objective of the government is to design a tax system, consisting of a general income tax
and proportional commodity taxes, which maximizes a utilitarian social welfare function given
the informational structure of the model and an exogenous revenue requirement. The problem
of finding the optimal income tax schedule can equivalently be stated by determining the optimal
gross and net income bundles z;, z; for each type. Thus, the optimal income tax for the two types of
individuals is determined implicitly as the difference z; — x;, i = L, H. Note that the available tax
instruments are completely determined by the information structure of the model. Since earning
abilities are not observable to the government (only the distribution of types is known), type
specific first-best lump-sum taxes are not feasible. Therefore the government has to use a general
income tax as a second-best instrument. In addition, consumption is assumed to be observable
only in the aggregate, while individual consumption levels are private information. Thus, type
specific nonlinear commodity taxes are not feasible either.

The utilitarian social welfare function reads

max frvo(zr, 20,0, ¢, E) + fuve(xm, 20,0, ¢, ), (5)

Tiy2i3T25 Tty tm By, Em

where fr and fy, with fr > fyg > 0, represent the weights of the two types of individu-
als including the fractions 7y and 7wgy. The agent monotonicity condition is assumed to hold,
meaning that MRSE > MRSH at any vector (z,z), where MRS!  is defined as MRS!, =
—(0v;/0z;)/(0v;/0x;). This implies that for any income tax function the high-able individual does



not choose to earn less income than the low-able.

The resource constraint is given by

m

n
mr(zr —2p) + ma(2H —2H) + ZT]'(WLCJ'L + THCi) + Ztk(ﬂLdkL +mader) =2 g, (6)
j=2 k=1
i.e. tax revenues have to be raised to finance exogenous public spending g. In addition the

government’s choice of optimal taxes is restricted by a self-selection constraint, which reads
vz, 21,09, B) > vu(zr, 21,0, ¢, E). (7)

It assures that the allocation implemented by the government is such that the H type has no
incentive to mimic or imitate the L type (by working less). The constraint that the L type does
not mimic the H type can be neglected because it is not binding in the optimum, as the analysis is
restricted to cases, where the government wants to redistribute from high- to low-ability persons.
To abbreviate notation indirect utility of the mimicker is denoted by vy [L] and consumption of
the mimicker by ¢;jg[L] and dyg[L]. In addition, the levels of the externalities are taken into

consideration as separate (equality) constraints,
E), = Zmdki, k=1,..,m. (8)
i

The Lagrange multipliers for the resource and the self-selection constraint are denoted by A and
1, respectively, and for the constraints concerning the externality levels by ~,. The first-order

conditions for the maximization problem are provided in the Appendix.

3 Optimal tax structure

The optimal tax structure can be derived from the first-order conditions of the social planner’s
maximization problem. Before I present the results for the optimal commodity and income tax
rates, I discuss in more detail the shadow prices of the externalities measured in terms of tax
revenues v, /A, k = 1,...,m, as they will be highly relevant for the analysis of the optimal tax
structure later on. This discussion is closely related to the one in Pirttild and Tuomala (1997),

which T generalize for the purposes of this study.



Let the marginal rate of substitution between Ej and x; be defined by

(%J@Ek

MW P, = —
Wh = =5, o (9)

It can be interpreted as the marginal willingness to pay of an individual i to reduce E}, by one unit.
Note that MW Py; is positive as we assumed FE}, to be a negative externality. From the first-order

conditions one can then derive an expression for v /A which is displayed in Lemma 1.

Lemma 1: In the social optimum the shadow prices of the externalities measured in terms of

the government’s tax revenues are given by

1 L
o szwmi_wm

A 1_27‘-16 7 A Oz

8dCOm
_ZZT,LTJ oE, Zst
+ Z Z ,ys adCOm + Z Z ,\/S dCOm

(MW Pyy[L] — MW Pyp)

(10)

for k =1, ...,m, and where compensated demand for the commodities of an individual ¢ is denoted

oy

COMm

by ¢

and

ki
Proof: The derivation of equation (10) is provided in the Appendix.

The shadow prices 75 /A can be interpreted as the social harm or gain of a specific externality
measured in terms of tax revenues. Lemma 1 states that in general the shadow prices depend on
each other, i.e. the social harm or gain induced by the consumption of commodity & also depends
on the shadow prices of the externalities induced by the consumption of the other commodities s
(s £ k), at least if F}, affects compensated demand for these commodities. This can be seen from
the last two terms on the RHS of (10).

Let me also briefly discuss the other parts of the RHS of (10) in order. The first term 1/(1 —
> m 8 ki ) captures the impact of the level of the externality on compensated demand for com-
modity k:. If compensated demand for good k increases (decreases) with Fj, this term is larger
(smaller) than 1. Hence, the shadow price is larger if an increase in the level of the externality

has a positive effect on the demand for the good which generates that externality. The first-term



within parenthesis is the marginal willingness to pay of all individuals to avoid the externality. It
can be considered as the direct negative effect of the externality and as its sign is always positive,
it increases the value of the shadow price. Then there is also an effect related to the self-selection
constraint, represented by the second term within parenthesis. The sign of this effect is ambiguous.
It depends on whether the mimicker or the L type has a higher marginal willingness to pay to avoid
the externality. As the only difference between them is labor supply provided the sign depends
on OMW Py,;/0l; E 0. Finally, the two terms in the second line of (10), describe the impact of
the externality on government’s tax revenues. The sign of these effects is again ambiguous, as the
reaction of compensated demand due to a change of F}, can have either sign. Altogether v /A can
be positive or negative, although F is a negative externality. That is, an increase in the level of the
externality could also generate a social gain. However, the case that an increase of the externality
is socially harmful (/A > 0) appears more plausible because of the direct negative effect.

Now I present the main results on the optimal tax structure. As the focus is on the Pigouvian
role of commodity taxation, preferences are assumed to be weakly separable in labor supply and
consumption. It is well-known from the literature that in the absence of externalities commodity
taxation is not needed in the presence of a nonlinear income tax if preferences are weakly separable
(Atkinson and Stiglitz, 1976). Hence, the potential role of commodity taxes in the model is
exclusively to correct for the externalities. It can be shown that the essence of my results does not
depend on the separability of the utility function.?

In the Appendix I show that in the model optimal commodity tax rates have to satisfy

Hdcom
2 Zk 122 Wl’yxk 8);712
ddge™
A Tn _ Zk 12 ﬂ-'b’};fc 8p (11)
t - Z Z - 'Yk 8dco7n I
1 k=1 g aq1
odsg
tm Zk; 12 7'('74’};1“ 3()1”

30f course optimal commodity tax rates look different if commodities are either complements or substitutes with
leisure, as then they contain an additional effect on the self-selection constraint. However, the Pigouvian parts
of taxation remain unaffected by these effects.



where

de5i™ 9cpi™ odi™ od "
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The (implicit) solution to this system of equations is given by
T; =0, ji=2...4n, (13)
Yk
tk = 7, k = 1, ey M. (14)

It is unique if A is assumed to be non-singular. The optimal tax rates on commodities j = 2,...,n
remain unaffected by the externalities, which confirms the validity of the ’additivity property’ with
respect to the tax rates 7;. Hence, given weak separability the optimal tax rates on these ’clean’
commodities are zero. On the other hand the optimal tax rates on the externality-generating
commodities contain a Pigouvian element which is positive if the externality is socially harmful
(vk/A > 0). Looking at (14) one can see that for each k = 1,...,m the optimal ¢; is equal to the
shadow price of commodity & measured in terms of tax revenues. Thus, the first impression is that
the ’additivity property’, stating that the presence of an externality only alters the tax rate on
that particular good, is still valid. But from Lemma 1 we know that the marginal social damages
of the m externalities depend on each other. Hence, when taxing commodity & one has to take into
account the effects of Ej on the demand for the other externality-generating commodities s(s # k)
and if these effects are nonzero the marginal social damages induced by the consumption of these
commodities have an impact on the optimal ¢;. For example, if the demand for commodity s
increases with Fj, this is an additional argument to increase t;, (provided ~;/A > 0), since reducing
the level of the externality Ej, also reduces the consumption of commodity s, and hence E,;.* Thus,
if there is more than one commodity that generates an externality, the interdependence between
these commodities should be taken into account.

Finally, I present the structure of the optimal income tax schedule. Combining (4) and the FOCs

4Bssential for this argument is that demand for commodity k decreases if the price gy, increases, because then by
increasing tj one reduces Ej.



for z;, z; the optimal marginal income tax rates can be derived. They are given by
T (zg) =0 (15)

for the H type and by

_ K vl
>\7TL axL

T'(21) = (MRS™[L] — MRSL,) (16)

for the L type. One observes immediately that the marginal income tax rates do not depend on
the externalities, i.e. the additivity property remains valid with respect to the income tax as well.
Since the externalities do not affect the income tax schedule the optimal marginal income tax rates
in our model are the same as those in the conventional mixed tax case when weak-separability is
assumed. Thus, for a closer interpretation of these formulas the author refers to e.g. Edwards et
al. (1994). Proposition 1 summarizes the results we obtained on the optimal tax structure.

Proposition 1: If 85;; # 0 with s # k, the optimal tax rates t; on the externality-generating

commodities depend on all shadow prices v;/\, s = 1,...,m, i.e. on the marginal social harm or
gain induced by each of the externality-generating commodities. This violates the ’additivity prop-
erty’ since the condition that an externality only affects the tax rate on that particular good no
longer holds. The optimal tax rates on commodities j = 2, ...,n and the income tax are unaffected

by the externalities.

4 Conclusion

In this paper I study the optimal income and commodity tax structure in the presence of many
externality-generating commodities, i.e. I drop the assumption made in previous contributions that
there is only one externality-generating commodity. This allows me to study the interdependence
between the externalities and to analyze possible implications for the optimal tax structure. I
find that the income tax and the taxes on the 'clean’ commodities are unaffected by the external-
ities, confirming previous results. On the other hand, the tax rates on the externality-generating
commodities in general depend on the marginal social damage induced by the consumption of all
commodities. Thus, I have shown that the optimal Pigouvian tax rates should not be considered in

isolation separately for each externality, as the interdependence between them is important. This



extension of the optimal tax design problem in the presence of externalities adds to further realism
of the model, as in reality there are many goods whose consumption causes an externaliy. To get
an idea about the magnitude of the elaborated effect more empirical evidence on the influence of
externality-levels (e.g. of an increase in pollution) on the demand for other externality-generating

commodities is required.

Appendix

First order conditions of the government’s maximization problem
The first-order condition of the government’s maximization problem with respect to the optimal

income bundles (z;, 2;), i = L, H are given by

fL 5‘11L o — Ay ZTJ dejr, . kznj:ltk f;tikLL " u@vH ki dkL (A1)
fL% = —A\mp — A7y éTj %ZJ'LL - AﬁLétk %dszL n #&gi LL] i WL;Z% aai«kLL’ (A2)
fH f)mH — ATy iTJaC 7H AﬂHétkaa(ikj fugzi +7TH§'YI¢88(?57 (A3)
fH avH A A ZTJ 3ch itk ddym avH + . i% %dzk; (A4)

The first-order condition with respect to the commodity tax rates 7;, j = 2,...,n, and t, k =

1,...,m, read

Ovi - desi |\ Odp O duu[L
zi:fia,:j—'_)\zi:m%i—i_)\;z;nm@cﬁ+)\k§_:1§l:tkm G:j +M81;1;I —u U;—E ]
- Ady;
) k; Z Wi@ié =0 (A5)
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s=1 1

Finally, the first-order condition with respect to Ey, k = 1,...,m is given by

dv; i S ddy 0 vy L)
Zf’ ! -I-)\ZZT]m 0cyi -I-)\;zi:tsmaEk—l—,uagZ—,u va|

OFE)

m

+’Yk—ZZ% z . (A7)

Proof of Lemma 1

Take A6 and add and substract Magg [LL] gzygff. A7 can then be transformed to

(f 8&_ 8vH[L] 8vL/6Ek (f vy 8UH)8UH/8Ek
Loz, Moz, v joxr H R I
3 avH[L] vy [L]/0E), 8vL/8Ek 8cﬂ
H 8$L (8UH[L]/893L 8vL/8xL +>\ZZTJ Z
+)\ZZt 7Tz +’7k_zz’}/s7rz =0, (AS)
s=1 1

k = 1,..,m. Make use of the definition for MW Py; (equation (9)) and substitute for (fr 8“ -

ZD

u&g; [L])and (fu g”H + MaUH) from A1l and A3. Further, use the Slutsky decompositions g L =
agE — MWP;ﬂac“ and ad“ = 8g§k — MW Py, %Lisf for j=2,..,nand s=1,..,m. Then A8 can

be transformed to equation (10) from the text.

Derivation of the optimal commodity tax rates

UL _ Qv Ovg[L] __ ) vy [L] .
Take A5 and plug in for or. = “Ciigs —ar, . = ~Ci L] 2. and for the Slutsky-equations
Ocsi __ acg;,”n Ocsi adkz — 3dcom _ adkz — —
orr = “op; ~ Cii 9a, and = apj Cji g for s=2,..,nand k =1,..,m. Then A5 can be

11



written as

JT
6331'

v cSom Ocs;
,CijLamlL‘ ]HfH7+>\Z7TZCﬂ+)\ZZTS7T1 ‘ C“i)

odsem ody; 0 0
S b (W Oy O Ol }ch[LD
]

%
1 J axl axH 8xL
i

d(’om Adp;
_ZZ’ykm — — G (’9; ) =0. (A9)

In a next step substitute for fr, gzi and fy gzz from A1l and A3. Observe that due to the assump-
tion of weakly separable preferences we have ¢jg[L] = ¢;r and dym[L] = dirr. Then A9 reduces

to

S mn?

s=2 1

C Z > mit 2 Z Somy ag;l (A10)

j=2,..,n. Applying the same steps to the first-order conditions for t; given by A6 one obtains

Zzi:’frﬂ'j o0 +szs

m ,75 8dcom
— All
; TN O (Al1)

k=1,..,m. A10 and A1l can then be transformed to matrix notation as given by equation 11

from the text.
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